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E-mail address: viggo@mek.dtu.dkCrack growth is analyzed numerically under combined mode I, II and III loading, or under loading in one
of these modes alone. The solid is a ductile metal modelled as elastic–plastic, and the fracture process is
represented in terms of a cohesive zone model. The analyses are carried out for conditions of small-scale
yielding, with the elastic mixed mode solution applied as boundary conditions on the outer edge of the
region analyzed. For pure mode I loading crack growth continued far beyond the maximum fracture
toughness shows that the predicted subsequent steady-state toughness is well below the maximum.
The reason for this is discussed in terms of the local stress and strain ﬁelds around the tip. For pure mode
II or mode III loading it is shown that there is no maximum before the steady-state. Also results for dif-
ferent mixed mode conditions are presented and discussed in relation to the results for loading in only
one mode. Most of the results are based on assuming that the peak tractions for tangential separation
are equal to that for normal separation, but it is shown that a relatively smaller peak traction for tangen-
tial separation may signiﬁcantly affect the predictions.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
In a number of cases where cohesive zone models have been ap-
plied to calculate crack growth resistance curves for ductile solids,
it has been observed that the computed fracture toughness reaches
a maximum and then decays, rather than remaining at the maxi-
mum in a steady-state mode. This was seen in some of the results
for interface cracks between dissimilar materials under mixed
mode I–II loading conditions (Tvergaard and Hutchinson, 1993;
Tvergaard, 2001) and also in recent analyses for the effect of mode
III on crack growth (Tvergaard and Hutchinson, 2008; Tvergaard,
2008). But the effect was less clear in an early study of mode I
cracks in a homogeneous material (Tvergaard and Hutchinson,
1992) where the computations were stopped soon after the maxi-
mum. All these analyses have used the cohesive zone model to
characterize the fracture process while an elastic–plastic material
model for the surrounding material was used to represent the duc-
tility, and the analyses have been carried out for conditions of
small-scale yielding.
It has been found that a number of experimentally observed
trends are well reproduced by the models using a cohesive zone
model along the crack path in an elastic–plastic material. Thus,
plasticity gives a crack growth resistance well above the work of
separation per unit area of the crack surface. Also, analysesll rights reserved.accounting for the effect of the non-singular T-stress acting parallel
to the crack plane (Tvergaard and Hutchinson, 1994) predict that
the fracture toughness is increased by a negative T-stress, as ob-
served experimentally, e.g. in the study of Hancock et al. (1991).
Various mixed mode I–II experiments have shown a much in-
creased fracture toughness when there is a signiﬁcant contribution
from mode II loading near the crack-tip (Cao and Evans, 1989;
Liechti and Chai, 1992; O’Dowd et al., 1992) and also this effect
is clearly reproduced by the analyses.
The analyses to be presented here make use of a version of the
cohesive zone model that accounts for tangential separation in two
perpendicular directions, in addition to normal separation, and
also special planar elements are used that incorporate the out-of-
plane displacements needed to describe the mode III crack growth.
This version of the cohesive zone model has been applied recently
(Tvergaard and Hutchinson, 2008; Tvergaard, 2008) in studies that
account for mode III effects. Resistance curves are here calculated
for pure mode I loading, pure mode II loading, and pure mode III
loading, as well as some examples of mixed mode loading. The
computations are continued well beyond the initial maximum on
the predicted crack growth resistance curves to check the possibil-
ity of a subsequent steady-state on a load level lower than the
maximum. The present analyses consider only crack growth on
the initial crack plane, which for mode II cracks would only be pos-
sible if the fracture toughness is smaller on this plane, or if the
crack is forced to follow this path as in shear-off tests (Xue et al.,
2010) or in cropping in metal forming.
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The crack growth analyses under mode I, II or III loading, or un-
der mixed mode loading, are carried out for conditions of small-
scale yielding. The material is elastic–plastic, with the elastic prop-
erties E and m, the uniaxial yield stress rY and the strain hardening
exponent N. This material is described by a ﬁnite strain generaliza-
tion of J2-ﬂow theory (Hutchinson, 1973), with the uniaxial true
stress-natural strain curve represented by a piecewise power law
e ¼
r
E r 6 rY
rY
E
r
rY
 1=N
r > rY
8<
: ð1Þ
The small strain linear elastic solution gives the following form
of the stress components near the crack-tip
rij ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p KIf IijðhÞ þ KIIf IIij ðhÞ þ KIIIf IIIij ðhÞ
h i
ð2Þ
where ðr; hÞ are polar coordinates, while KI; KII and KIII are the
stress intensity factors. Also the near-tip displacement ﬁelds are gi-
ven as functions of the polar coordinates and the stress intensity
factors. In the numerical solutions to be carried out for conditions
of small-scale yielding, the displacements on the outer circular
boundary are increased incrementally according to these near-tip
displacement ﬁelds corresponding to the speciﬁed values of the
stress intensity factors. The relation between the energy release rate
and the magnitudes of the stress intensity factors is given by
G ¼ 1 m
2
E
K2I þ K2II
 
þ 1
2l
K2III ð3Þ
where l is the elastic shear modulus.
The x1-axis is in the crack plane and the initial crack-tip is lo-
cated at x1 ¼ x2 ¼ 0. The traction-separation relation used to model
the fracture process is speciﬁed everywhere on the boundary
x1 > 0; x2 ¼ 0 of the region analyzed, while zero tractions are spec-
iﬁed for x1 6 0; x2 ¼ 0. The traction-separation law used by Tverg-
aard and Hutchinson (1993) is a special version of that proposed by
Tvergaard (1990) as a generalization of the model of Needleman
(1987). The version of the model used here accounts for tangential
separation in two perpendicular directions, so that dn; dt1 and dt3
denote the normal and tangential components of the relative dis-
placement of the crack faces across the interface in the zone where
the fracture processes occur (Fig. 1), with dt3 specifying the tangen-
tial separation parallel to the crack front (Tvergaard and Hutchin-
son, 2008). When dcn; d
c
t1 and d
c
t3 are critical values of these
displacement components and a single separation measure is de-
ﬁned as k ¼ dn=dcn
 2 þ dt1=dct1 2 þ dt3=dct3 2
h i1=2
the tractions drop
to zero at k ¼ 1. With rðkÞ displayed in Fig. 1, a potential from
which the tractions are derived is deﬁned asFig. 1. Speciﬁcation of traction-separation relation.Uðdn; dt1; dt3Þ ¼ dcn
Z k
0
rðk0Þdk0 ð4Þ
The normal component and the two tangential components of
the traction acting on the interface in the fracture process zone
are given by
Tn ¼ @U
@dn
¼ rðkÞ
k
dn
dcn
; Tt1 ¼ @U
@dt1
¼ rðkÞ
k
dt1
dct1
dcn
dct1
;
Tt3 ¼ @U
@dt3
¼ rðkÞ
k
dt3
dct3
dcn
dct3
ð5Þ
The peak normal traction under pure normal separation is r^,
and the peak shear tractions are dcn=d
c
t1
 
r^ or dcn=d
c
t3
 
r^ in pure tan-
gential separation in the x1 or the x3-directions, respectively. The
work of separation per unit area of interface is given by Eq. (5) with
k ¼ 1, and for the separation function rðkÞ in Fig. 1 the work is
C0 ¼ 12 r^d
c
nð1 k1 þ k2Þ ð6Þ
Tvergaard and Hutchinson (1992,1993) observed that the two
most important parameters characterizing the fracture process in
this model are C0 and r^. Scheider and Brocks (2003) have found
cases where also differences in the shape of the separation law
have an important effect.
Based on the expressions for KIII ¼ 0 a reference stress intensity
factor is chosen as K0 ¼ ½EC0=ð1 m2Þ1=2 and a corresponding ref-
erence length quantity R0, which scales with the size of the plastic
zone, is deﬁned by
R0 ¼ 13p
K0
rY
 2
¼ 1
3p
EC0
ð1 m2Þr2Y
ð7Þ3. Numerical method
A Lagrangian convected coordinate formulation of the ﬁeld
equations is used, with a material point identiﬁed by the coordi-
nates xi in the reference conﬁguration, accounting for ﬁnite strains.
The contravariant components of the Cauchy stress tensor rij and
the Kirchhoff stress tensor sij are related by sij ¼ ﬃﬃﬃﬃﬃﬃﬃﬃG=gp rij. The met-
ric tensors in the current and reference conﬁgurations are denoted
by Gij and gij, with the determinants G and g, respectively, and the
incremental stress–strain relationship is of the form _sij ¼ Lijkl _gkl,
where Lijkl are the instantaneous moduli.
The Lagrangian strain tensor is given by
gij ¼
1
2
ui;j þ uj;i þ uk;iuk;j
 
ð8Þ
where ui are the displacement components on the reference base
vectors and ðÞ;j denotes covariant differentiation in the reference
frame. Numerical solutions are obtained by a linear incremental
solution procedure, based on the principle of virtual workZ
V
sijdgij dV þ
Z
SI
fTndðdnÞ þ Tt1dðdt1Þ þ Tt3dðdt3ÞgdS ¼
Z
S
Tidui dA
ð9Þ
Here, V and S are the volume and surface of the body in the ref-
erence conﬁguration, respectively, SI is the bonded interface sur-
face region, and Ti are contravariant components of the nominal
surface tractions. An incremental version of the PVW (9) is used
for the numerical solution. The displacement ﬁelds are approxi-
mated in terms of special planar 8-noded isoparametric elements,
with three degrees of freedom in each nodal point, but with the
condition that the displacement gradient u3;3 is taken to be zero.
This 8-noded planar element is similar to the usual 8-noded plane
strain element, but the u3-displacement is added as an extra
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displacement ﬁelds are independent of the x3-coordinate. This
means that nonzero values of g13 and g23 are allowed for, while
g33 ¼ 0 is enforced. The volume integral in Eq. (9) is carried out
by using 2 2 integration points within each element.
A circular region with radius Ao is analyzed numerically. Fig. 2
illustrates the initial near-tip mesh in the centre of the region ana-
lyzed, with 80 4 uniform quadrilaterals along the interface in the
range where crack growth is studied. The length of one square ele-
ment inside the uniform mesh is denoted D0, and the initial crack-
tip is located at x1 ¼ 0. To adequately resolve the fracture process,
the length of the active process region (i.e. the region where
k1 < k < 1 in Fig. 1) should not be smaller than four or ﬁve times
this element length D0. It turns out that smaller elements in the
near-tip mesh are required when pure mode I loading is analyzed,
relative to cases where a signiﬁcant contribution from mode II or
mode III loading is considered. For a ﬁxed outer radius Ao the ratio
A0=Do ¼ 800;000 is applied in the analyses of pure mode I loading,
whereas A0=Do ¼ 200;000 is applied in the other cases. This keeps
the plastic zone size much smaller than A0=10 in all cases.4. Results
The analyses of crack growth carried out here consider an elas-
tic–plastic material with rY=E ¼ 0:003; m ¼ 1=3 and N ¼ 0:1. In
the traction-separation law the values dcn=d
c
t1 ¼ 1; dcn=dct2 ¼ 1;
k1 ¼ 0:15 and k2 ¼ 0:50 are used, while r^=rY is varied. In the ﬁrst
cases analyzed, for pure mode I loading, the mesh size in the ﬁne
mesh region is chosen such that dcn ¼ 0:1D0. In the other cases,
where D0 is multiplied by 4 for ﬁxed Ao, the value of dcn is kept ﬁxed
so that here dcn ¼ 0:025D0. In all the cases analyzed, the load is ap-
plied in such a manner that the ratios between the stress intensity
factors KI; KII and KIII remain constant during loading. The load is
applied on the outer boundary in the form of displacements
according to the elastic singularity ﬁeld.
The ﬁrst cases analyzed consider pure mode I loading, i.e. KI > 0
and KII ¼ KIII ¼ 0, as was also considered by Tvergaard and Hutch-
inson (1992). The main difference here is that crack growth is con-
tinued far beyond the initial peak value of KI , and thus it becomes
visible that the predicted fracture toughness decays to a level well
below the initial peak. Fig. 3 shows three different crack growth
resistance curves, corresponding to r^=rY ¼ 3:25; r^=rY ¼ 3:0 and
r^=rY ¼ 2:5, respectively. For the smallest value of r^=rY the pre-
dicted fracture toughness remains constant after that the initial
maximum has been reached, so that a steady-state situation has
been reached. But for the two larger values the steady-state ap-
pears to be reached later, at a lower value than the initial peak.
The computations of Tvergaard and Hutchinson (1992) were not
continued far enough to see a decay after the initial peak, but in
the subsequent study for mixed mode I–II growth along an inter-
face (Tvergaard and Hutchinson, 1993) such decay was noted inFig. 2. Mesh used for some of the crack growth analyses.a few cases and it was mentioned that the steady state would occur
at a level lower than the initial peak. These two early studies illus-
trated the crack growth resistance curves in terms of the stress
intensity factor, while Fig. 3 shows the energy release rate (3),
which further ampliﬁes the difference between the peak value
and the subsequent steady-state in the diagram.
Plane strain crack growth in an elastic–plastic solid has been
studied by Rice and Sorensen (1978) and Rice et al. (1980), who
analyzed the transition from the initial crack-tip blunting to a
growth mode. A fracture criterion for ductile crack advance is there
found in the form of a critical opening displacement at a character-
istic near-tip distance.
For the curve with r^=rY ¼ 3:0 in Fig. 3 the evolution of the plas-
tic zone and the stress state are illustrated in Fig. 4 in terms of con-
tours of the effective plastic strain ePe and the ratio rm=rY of the
mean stress and the initial yield stress. The effective plastic strain
is found by integration of the incremental expression
_ePe ¼ 2 _gPij _gijP=3
 1=2
. Fig. 4a and b illustrate the situation near the
maximum of the curve in Fig. 3, at Da=Ro ¼ 0:48, where the stress
and strain ﬁelds still show the characteristics of the initial station-
ary crack. Fig. 4c and d illustrate the situation after a great deal of
crack growth, at Da=Ro ¼ 8:43. The crack growth criterion is here
entirely based on the cohesive zone model (4)–(7), but still the
solutions show the transition from an initial blunting type situa-
tion to a growth mode, analogous to that described by Rice and
Sorensen (1978). In all four contour plots the point at which the
crack started to grow is clearly marked by the strain or stress con-
tours, and the triangles on the crack-line show the current position
of the crack-tip, where full separation has occurred so that k ¼ 1.
The two sets of strain contours show that there was more plastic
straining during the initial part of crack growth, and afterwards
the width of the plastic region indicated by the contour
ePe ¼ 0:001 is gradually reduced approaching a steady-state, and
the occurrence of this steady-state is in good agreement with the
plateau reached by the corresponding resistance curve in Fig. 3
after this amount of crack growth. The stress contour plots in
Fig. 4 offer some explanation of the fracture toughness decay after
an initial peak. Fig. 4b and d show that a positive mean stress
builds up along the newly formed crack surface and it is found that
this mean stress results from a rather large residual tensile stress
along the crack surface. But with such tensile stress along the crack
path in the crack-tip region the normal stress level r^ needed to ad-
vance the crack will require less plasticity, as is shown in Fig. 4a
and c. Thus, the prediction of an initial peak with subsequent
occurrence of a lower level steady-state fracture toughness is a
consequence of the present assumption that the fracture process
can be represented by the purely stress dependent cohesive zone
model. For other representations of the fracture process, such as
a cohesive zone model with a plastic strain dependence incorpo-
rated (Tvergaard and Hutchinson, 1996), a different shape of the
crack growth resistance curve is expected.
Crack growth has also been analyzed for cases where there is no
mode I contribution, KI ¼ 0. Fig. 5 shows three examples of such
resistance curves for a case with pure mode II loading, a case with
pure mode III loading, and a case where KII ¼ KIII , while still KI ¼ 0.
For these three curves there is clearly no initial peak succeeded by
a reduction of the fracture toughness. In these cases the maximum
fracture toughness simply grows into a steady-state level and re-
mains there. The difference from the cases shown in Figs. 3 and 4
is also illustrated by the evolution of the contours of effective plas-
tic strain ePe in Fig. 6, corresponding to the curve for KII ¼ KIII and
KI ¼ 0 in Fig. 5. Fig. 6a illustrates the plastic strain distribution at
Da=Ro ¼ 84:0, while Fig. 6b corresponds to Da=Ro ¼ 127:4, and nei-
ther of the ﬁgures show any tendency for a reduction of the width
of the plastic zone as that found in Fig. 4a and c. Also, in these cases
Fig. 3. Crack growth resistance curves for pure mode I loading, with different values of r^=rY .
Fig. 4. Contours of the effective plastic strain ePe and the normalized mean stress
rm=rY for the computation with r^=rY ¼ 3:0 in Fig. 3. (a) Effective plastic strain at
Da=Ro ¼ 0:48. (b) Mean stress at Da=Ro ¼ 0:48. (c) Effective plastic strain at
Da=Ro ¼ 8:43. (d) Mean stress at Da=Ro ¼ 8:43. The triangles on the crack-line
indicate the current position of the crack-tip.
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stress along the newly formed crack surface. The crack growth
resistance curves in Fig. 5 have been continued to the end of the
ﬁne mesh region, so continuation would require a different mesh
with a longer ﬁne mesh section. But the fact that no tensile residual
stress has built up along the crack gives conﬁdence that there will
not later be a decay to a lower steady-state level.
Only crack growth along the initial crack plane is considered
here. For pure mode I loading and also for pure mode III loading
this is a reasonable assumption, but for pure mode II loading this
crack growth direction will only occur if the crack grows along a
bond line where the fracture toughness is lower than that corre-
sponding to growth in the homogeneous material, or in the type
of processes where the crack is forced to follow this path.
To further compare the results in Figs. 4 and 6, scale bars have
been included, relating the amount of crack growth to the refer-
ence length R0 in (7). But it should be noted that the much lower
level of r^=rY in Fig. 6 gives a much reduced value of R0, while
the other length scales involved in the cohesive zone model (4)–
(6) are not different in the two Figures. The four times larger ele-
ment size in Fig. 6, such that dcn ¼ 0:025D0, is chosen because the
length of active process zone is larger. In each case the element size
in the ﬁne mesh region is chosen such that there are several ele-ments along the part of the cohesive zone where the separation
process develops.
Analyses have also been carried out for cases where either
KII ¼ KI and KIII ¼ 0 or KIII ¼ KI and KII ¼ 0. Examples of crack
growth resistance curves are shown in Fig. 7 for such two cases,
with r^=rY ¼ 1:4. Both resistance curves reach a maximum rather
early and then quickly decay to a steady-state level. The initial
peak clearly reﬂects the effect of the residual stress ﬁelds gener-
ated by the mode I contribution as discussed in relation to Fig. 4,
and also the decay length to reach the steady-state, measured in
terms of Da=Ro, is of the same order of magnitude in Figs. 4 and
7. Once the steady-state is reached, the curves are similar to those
in Fig. 5 for KI ¼ 0, but the steady-state is reached earlier in Fig. 7.
Fig. 8 shows curves of the maximum toughness Gmax=Co vs.
r^=rY , based on a fairly large number of resistance curve computa-
tions among which a few examples have been illustrated in Figs. 3,
5 and 7. As has been discussed above, the values of Gmax=Co are lar-
ger than the steady-state values on the curves where KI > 0, while
the maximum and steady-state values are the same on the three
curves for KI ¼ 0 in Fig. 8. All the curves in Fig. 8 approach the va-
lue Gmax=Co ¼ 1 when the value of r^=rY decays, thus representing
the fact that in the elastic range crack growth is governed by the
critical value of the energy release rate. For pure mode I loading
it is seen that the fracture toughness grows very large at
r^=rY  3:5, as also found by Tvergaard and Hutchinson (1992).
The three curves for KI ¼ 0 show analogous behaviour, but here
the fracture toughness grows very large at a much lower value of
the debonding peak stress, i.e. at r^=rY  0:75. The curves shown
for either KII ¼ KI and KIII ¼ 0 or KIII ¼ KI and KII ¼ 0, corresponding
to resistance curves such as those in Fig. 7, give an intermediate re-
sult between the curve for pure mode I loading and the curves ob-
tained for zero mode I contribution. Relating to the curve for KI
only an extra curve is included in Fig. 8, showing steady-state lev-
els as those seen in Fig. 3, for the cases where the steady-state was
reached. Similar curves corresponding to Fig. 7 are not included.
For crack growth along an interface between an elastic–plastic
solid and a rigid substrate it has been found (Tvergaard and Hutch-
inson, 1993) that near-tip ﬁelds close to a pure mode I situation
give relatively low fracture toughness, while mixed mode I–II load-
ing gives much increased toughness. It was also found that the
toughness values are not much changed by strongly increasing
the peak stress for pure tangential separation relative to that for
Fig. 5. Crack growth resistance curves for cases where KI ¼ 0.
Fig. 6. Contours of the effective plastic strain ePe for the computation with
KII ¼ KIII ; KI ¼ 0 and r^=rY ¼ 0:7 in Fig. 5. (a) Effective plastic strain at
Da=Ro ¼ 84:0. (b) Effective plastic strain at Da=Ro ¼ 127:4. The triangles on the
crack-line indicate the current position of the crack-tip.
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c
t1 ¼ 100 in the debond-
ing model equation (5). The strong sensitivity to a mode II contri-
bution at the crack-tip was subsequently conﬁrmed for an elastic
substrate, with different elastic mismatches (Tvergaard, 2001).
This behaviour is well understood when looking at Fig. 8, which
demonstrates the much higher toughness for pure mode II or mode
III loading than that for pure mode I loading, when comparing forFig. 7. Crack growth resistance curves for mixed mode loadthe same value of the peak stress, r^=rY . Also the curves for mode I
mixed with mode II or III in Fig. 8 illustrate the very strong sensi-
tivity of the fracture toughness to mode mixity.
As expected, an increase or a reduction of the peak stress for
pure tangential separation has much inﬂuence on the fracture
toughness for pure mode II or mode III loading, even though such
changes have little effect on mode I crack growth. To illustrate this,
Fig. 9 shows a comparison of results for pure mode II loading and
pure mode III loading. The curves for equal peak stress in the nor-
mal direction and the two tangential directions, dct1=d
c
n ¼ dct3=dcn ¼ 1,
are also shown in Fig. 8. In addition, Fig. 9 shows curves for
dct1=d
c
n ¼ dct3=dcn ¼ 2, i.e. for cases where the peak stress in tangential
separation is half that in normal separation, and it is seen in the ﬁg-
ure that this change moves the location of the rapid increase in
fracture toughness to twice the value of r^=rY . Looking at the trac-
tion-separation law applied for crack growth here, it is easy to
understand that reducing the peak stress for tangential separation
to half will move the occurrence of high fracture toughness to
twice the value of r^=rY .ing, where either KII or KIII are zero. Here, r^=rY ¼ 1:4.
Fig. 8. Maximum fracture toughness as a function of r^=rY , for different cases of pure mode I, II or III loading, or mode mixity.
Fig. 9. Maximum fracture toughness as a function of r^=rY , for cases of pure mode II or pure mode III loading. When dct1=d
c
n ¼ dct3=dcn ¼ 2, the peak stress for shear failure is half
that for dct1=d
c
n ¼ dct3=dcn ¼ 1.
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contribution signiﬁcantly increased the fracture toughness is
understandable when considering Fig. 8. At the values of r^=rY
where plasticity plays a role under pure mode I loading the tough-
ness for pure mode II loading is huge, so that this mode of crack
growth is impossible, and using dct1=d
c
n ¼ 0:01 will make this even
worse, as is seen from the trends in Fig. 9. However, from Figs. 8
and 9 it is also seen that using dct1=d
c
n ¼ dct3=dcn ¼ 7 or larger will
move the critical range for pure mode II or mode III crack growth
beyond the critical range for pure mode I crack growth. Thus, the
conclusions of Tvergaard and Hutchinson (1993) could be different
if the peak stress for pure tangential separation was much lower
than the peak stress for pure normal separation.5. Discussion
Earlier investigations of crack growth based on a cohesive zone
model embedded in an elastic–plastic material have indicated
that the steady state fracture toughness may be lower than an ini-
tial maximum toughness. Here, for pure mode I loading, the crack
growth predictions are continued so far that the lower subsequent
steady-state toughness level is clearly revealed. The cause of this
behaviour is investigated, and it is found that the peak stress in
the cohesive zone model, needed to advance the crack, is more
easily reached after some crack growth due to a residual stress
ﬁeld that builds up around the growing crack. In fact this residual
stress acts like a local tensile T-stress, which reduces the amount
V. Tvergaard / International Journal of Solids and Structures 47 (2010) 1611–1617 1617of plastic deformation, thus giving a lower crack growth
resistance.
The cohesive zone model has also previously been used to con-
sider mixed mode loading, but not crack growth under pure mode
II or mode III loading. For pure mode II loading or for a strong mode
II contribution in a homogeneous solid it is well-known that the
crack will deviate from the initial crack plane, but this is not ac-
counted for here. Therefore, the parametric studies for mode II
loading carried out here have to rely on the assumption that the
fracture toughness is smaller on the initial crack plane, or that
the crack is forced to follow this path, as mentioned in Section 1.
With this assumption for mode II loading the model predicts that
the dependence of the fracture toughness on the peak stress
r^=rY in the debonding model is very similar for pure mode II or
pure mode III loading. A signiﬁcant difference from the predictions
in pure mode I loading is that in the cases of pure tangential sep-
aration the steady-state fracture toughness is approached directly,
without ﬁrst reaching a higher maximum toughness. Another sig-
niﬁcant difference is that in the cases of pure tangential separation
the value of r^=rY at which the fracture toughness grows very large
is much lower than the corresponding value for pure mode I load-
ing. It is noted for mode II loading that if crack path deviations had
been accounted for quite different conclusions are expected, as
then the crack would tend to grow in a direction where the
crack-tip ﬁelds are close to mode I.
Also for mixed mode I and II loading and for mixed mode I and
III loading the predicted increases in fracture toughness as func-
tions of r^=rY are close to one another, still assuming crack growth
on the initial crack plane . These results conﬁrm the prior predic-
tion for crack growth in the plastic range that adding a mode II load
will increase the fracture toughness relative to that for pure mode I
loading.
Most conclusions in this paper are based on the assumption that
the peak stresses in the debonding model are the same for normal
and tangential separation. However, if the peak stress for tangen-
tial separation is changed, without changing that for normal sepa-
ration, the crack growth predictions relying on tangential
separation are naturally strongly affected (Fig. 9). For a given value
of r^=rY the resistance to mode II or mode III crack growth is al-
ready much higher than that for mode I crack growth, and this ef-
fect will be even more pronounced if the material has a higher peakstress for tangential separation than that for normal separation.
However, if the material has much lower peak stress for tangential
separation than that for normal separation the prior conclusions
may change so that adding a mode II load will no longer increase
the fracture toughness relative to that for pure mode I loading.
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